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Abstract: We give the explicit form of the half-string representation in the continuous 
k basis. We show the comma structure of the three-vertex, when expanded around an 
arbitrary projector, and that the zero-mode must be replaced by the mid-point degree of 
freedom in the half-string representation. The treatment of the ghost sector enables us to 
calculate the normalization of the vertices. The simplicity of this formalism is demonstrated 
with some applications, such as gauge transformations and identification of subalgebras. 



Keywords: String Field Theory. 



Contents 



1. Introduction 1 

2. Preliminaries 3 

2.1 The continuous basis 3 

2.2 Half-string representation 7 

3. Continuous half-string representation 8 

3.1 Zero momentum 8 

3.2 The shape of the half-string modes 10 

3.3 The zero-mode 11 

3.4 The ghost sector 13 

4. Applications 16 

4.1 Doubling of the wedge subalgebra 16 

4.2 The gauge transformation of the sliver to other butterflies 17 

4.3 The tachyon 21 

5. Conclusions 24 

A. Bogoliubov transformation 25 

A.l Transformation of operators 25 

A. 2 Transformation of states 27 

A. 3 Transformation of coordinates and momenta 27 



1. Introduction 

Cubic string field theory [1] is a candidate for a non-perturbative, background independent 
definition of string theory, which reproduces the perturbative results of string theory [2]. 
Some computational tools were derived in string field theory, such as mode expansion [3, 
4, 5] and CFT methods [6, 7], but the formulation remained complicated. 

Following advances in the understanding of non-perturbative string theory, Sen made 
his conjectures [8] regarding tachyon condensation. The conjectures were verified using 
level truncation [9] to a remarkable degree of accuracy [10, 11, 12, 13, 14, 15, 16]. Yet, 
there is still no analytic solution describing the non-perturbative vacuum. 

The lack of an analytic solution led Rastelli, Sen and Zwiebach to propose vacuum 
string field theory (VSFT) [17, 18, 19, 20]. The solutions of VSFT are projectors [17, 21], 
and many such solutions were constructed. Despite the success of VSFT it has the problem 
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of being singular [22, 23, 24, 25], and in any case one would like to understand its relation 
to Witten's SFT. 

As a byproduct of the new interest in string field theory, further ways to simplify 
the star product were developed, most notably the half-string formulation [26, 27, 19, 
28], spectroscopy of the three- vertex [29, 30], and the Moyal formulations [31, 32, 33, 34, 
35]. Different subalgebras of the star product were recognized, usually belonging to the 
subalgebra of (shifted) squeezed states. Among these are the surface states, wedge states 
and TL K 2 [36, 37]. 

The simplification of the star product usually complicates the form of the BRST op- 
erator Q. It may seem that this price is worth paying since Q is limited to the quadratic 
term. However, in order to find the analytic solution, one should deal with both the star 
product and Q. In the continuous basis the situation is more complicated, as it was shown 
in [34] that Q cannot be described by a function in this basis. This problem was partially 
solved when expressions for Q as a generalized distribution and as a difference operator 
were provided in [38, 39]. 

In this paper we present the continuous half-string formalism. We use the fact that 
Bogoliubov transformations, which are defined by squeezed states projectors, transform 
the full-string into a half-string basis [40]. Starting from the continuous basis, which is 
reviewed in section 2, we can choose any projector in TC K 2 to get a continuous half-string 
basis. The star product and integration then become 



where k > and the modes l K , r K are linear combinations of x ±K . This result is independent 
of the projector we choose to work with, and it greatly simplifies calculations in the star- 
algebra. The mode x K=0 has no left-right factorization. It is a single mode in a continuum, 
and thus it can usually be ignored. However, states that are not continuous at k = or 
are otherwise singular there, can get a nontrivial contribution from this mode. We shall 
return to this point at the body of the paper. 

The detailed derivation of the continuous half-string basis can be found in section 3, 
where we also calculate explicitly the transformation to the sliver basis and to the butterfly 
basis. The half-string formalism in the sliver basis was studied in [28], while the half-string 
formalism of [26] is actually the half-string in the butterfly basis [41]. We end the section 
by incorporating the zero mode and the ghost sector into the formalism, enabling us to 
calculate the normalization of the vertices. The infinite factors in the normalization turn 
out correctly at the critical dimension D = 26. 

In section 4 we demonstrate some applications of the formalism. In 4.1 we identify a 
subalgebra which is a doubling of the wedge state subalgebra. In 4.2 we find the explicit 
form of the gauge transformation among different butterflies, and in 4.3 we show the form 
of the Hata Kawano state [21] in our representation. Section 5 is devoted to conclusions. 
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The properties of the Bogoliubov transformation and its relation to squeezed states are 
summarized in the appendix. 



2. Preliminaries 



2.1 The continuous basis 



String field theory has an infinite number of degrees of freedom. These degrees of freedom 
describe the string configuration and are usually represented by the mode expansion of the 
string configuration and its conjugate momenta 

n=0 V 2a n=0 

In this notation all the modes are dimensionless, and the zero modes xo,po are equal to 
the physical zero modes x = V2a'x , p = po/V 2a' for 2a' = 1. It is conventional to use cto 
instead of what we mark as po, yet we use this notation to emphasize that the zero mode 
is not an oscillatory mode. 
The canonical basis 

uo(a) = 1 , u n (a) = v / 2cos(n<r) , (2.2) 
is complete and orthogonal under the inner product 

/ — u n (a)u m (a) = S nm , - y^ u n (a)u n (a') = S(a - a') . (2.3) 

The creation and annihilation operators 

a n = ~j= { -7^= - iyfuJ^Xn) , a* = -= ( -^L + iy/uJ^x n ) , (2.4) 
v^vv^n / v2\vw n / 

obey the commutation relations [a n ,aj„] = 5 nm , and the inverse relations are 

7 1 V ti„ = a I — — fn_ -I- 



x n = -j==(a n -al), p n = \J — {a n + ai) . (2.5) 
By choosing uj n = n the Hamiltonian gets the canonical form 

H = \ I v ( 2a ' p2(fT) + ^) 4E(^ + n2 <) = § + E n ^ a - + b ■ (2 - 6) 

The normal ordering constant will henceforth be omitted. 

The transformation to the continuous k basis [29] is given by 

00 00 „ 

a K = ^ V n a n , ^2 V ™ V ™ = 5 ( K ~ K ') ' / dKV n v m = ^nm , (2.7) 

1 1 J 



n=l n=l 
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where v% are defined by the generating function 



oo 



U*) = E ^ = -7Trn-^- K ' A/"(/t) = i sinh f . (2.8) 

^ V n a/A/ (k) k re V 2 / 

In this basis Ki is diagonal and the three-vertex is simplified. It is an orthogonal change 
of basis for the creation and annihilation operators that does not alter the vacuum |0) 
which is annihilated by all a n , and therefore by all a K . The change to the continuous basis 
does not involve the zero mode, which remains a discrete degree of freedom. (A different 
approach is to diagonalize the three- vertex with the zero-mode [42, 43, 44].) 

From the above transformation law we deduce the transformation of the coordinates 



x K 



-={a K -ai) = iV^=(a n -al) = — = YV>/nx n , 



x r , = —= I dKv'ZxfuJZx K . 



(2.9) 



in 

The eigenstate of the coordinate x K is 



1^) = (^^exp(-^ K (x K ) 2 -iv^x K 4 + iat 2 )|fi) . (2.10) 

For uj n there is a canonical choice uj n = n, for which the states generated by acting 
with creation operators on the vacuum are eigenstates of the Hamiltonian. For lo k there is 
no such canonical choice. Therefore, we keep this factor explicit in this section, and in the 
following sections we set u> K = 1. The basis for X(a) is found from the auxiliary calculation 

; = y^x n u n (a) = x + / dn x K y/oJ^^ —jLu n (a) = x + / dnx K u K {a) . (2.11) 

Notice that we are careful with the positioning of the re index in x K ,u K (a) to distinct the 
covariant and contravariant vectors. The generating function can be used to obtain an 
explicit expression for the new basis, 



oo K oo 

V * — V 



which is plotted in figure 1. These basis functions are not orthogonal and in [38, 39] their 
inner product was found to give the metric 



9kk> = f —u K (a)u K >(a) = ^u k uj k < V" 



2sinh(^f)sinh(^) _ _A/tanh(^) tanh(^) 

v /AA( K )AA( K ')^'cosh(^^) ~ 2 A/^ 7 cosh(^^) 
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Figure 1: The shape of the string basis functions. For k = we have a step function around the 
string mid-point a = n/2. From the picture it is obvious why this state is twist odd. For other 
values of n these functions are infinitely oscillatory near the mid-point as described in [25]. 



Repeating the calculation for the conjugate momenta gives 



Pk = Y] -7=Pn , 

i V n 

71=1 v 

1 1 A 

u K (a) = — V V™X(*) = -— 
The (very singular) inverse metric was calculated in [38, 39] 

g KK' = f ^„«( <7 ) U «'( <T ) = -i=f;nt;X' 



(2.14) 
(2.15) 



ra=l 



(2.16) 



KK 



: (<5(«; - k' + 2t) + (J(k - «' - 2i)) 



This expression is very useful, since it gives the expression for the Hamiltonian in the k 
basis 



H = ^2 na n a n = / d-KclK nv^v^ a[.a K > 

n=l J n=l 

= J dndn ' y r u^7 K g KK ' a ] K a K > , 

which is Lo and is also the matter part of Qb in the Siegel gauge. 
Finally, we write the three-vertex in the continuous basis 

\V 3 (P )) = 5{jpl +pl + pg)exp (~AW 3 A^ + Pq^ - ^oo^o) l^)i 23 > 



(2.17) 



where A^, V3, Vq, Pq are tensors on the three Fock spaces 



At 



l 2 ' 



/V 3 n V 3 12 V 3 21 \ 
V 21 V 3 U V3 12 

\vi 2 n x v?) 



v n 



V 21 , 

vp y 21 



Pn 



(2.18) 



pI 

\PoJ 
(2.19) 
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and an integration over k is assumed. It is convenient to pair up creation operators which 
have the same (Ki) 2 eigenvalue 

.1 = . (2,0, 

In this notation we choose k > 0, while k = has to be treated separately. The three-vertex 
coefficients in this notation are 

vi 1 




' K.7V 



y 3 



1 + 2cosh( 

12 — ^ / 1 + ex P( 



K7T ^ 



l + 2cosh(^f) ll + exp(- 



t/21 _ a/i2^,T 

^ 1 = v: "^'n^7-r-^i7M , )■ (2.2i j 



yl2 



V 21 




2 1 + 2cosh(^f 



1 27 
Voo = (2a')-log(-). 

From the form of the three- vertex, it can be seen that squeezed states, whose defining matrix 
is block diagonal with two-by-two blocks, which mix a K with a_ K , form a subalgebra. This 
is the 7i K 2 subalgebra of [37]. 

For k = the contribution to the three-vertex is 

\vr°) = ex P L±Ai =0 vr°Ai =0 + p vr°Ai =0 ) , 




vr° = --21-2 , y K=0 




(2.22) 



In the functional basis, using (2.10), the zero momentum sector gives a factor of 1 

vr ^) = <*r°| <^ =0 | ( x r°\vr°) = ^ (^) 1/4 ^ + + *r ) • (2.23) 

This is expected, since k = describes a step in the middle of the string, as can be seen 
in figure 1. The k = eigenvalue may seem to be negligible, since it is a single point 



x We have to be careful in our normalization since the three-vertex in the functional basis is not di- 
mensionless. In the continuous half-string basis it will be evident that the normalization between the 
three- vertex state and functional can be naturally set to 1 by taking u l K = uj r K , and in any case the nor- 
malization is dimensionless since the dimensions of the three-vertex are contained in the 5-functions. This 
pairing of modes fails for k = 0, but of course, dependence on loq should disappear in all final results. 
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in a continuous set of states. However, there are many calculations in the literature in 
which the opposite is true. This can happen when the state has some kind of a singularity 
near re = 0. In [45] this effect was called twist anomaly. A careful treatment of twist 
anomaly gave the correct ratio of D-brane tensions [46] and the correct tachyon mass 
around VSFT's D-brane [47]. Such a treatment involves a regularization of the states 
in hand, or a regularization of the vertex. We will demonstrate how the tachyon state 
of [47] can be regularized in the continuous half-string basis, to reproduce the tachyon's 
mass. This and other calculations do not require a special treatment of the re = mode. 
Therefore, we shall not need eq. 2.23. 

The importance of re = can also be seen in the discrete Moyal formalism [31, 32]. 
Without it, Lq has the wrong spectrum. Instead of having eigenstates for all integer 
eigenvalues, one gets eigenstates with even integer eigenvalues only, which are doubly de- 
generate. This is the spectrum of two strings with half the length of the original string. 
Only when regularizing Lq to include re = 0, the correct spectrum is obtained [48]. Also, 
when disregarding re = 0, it turns out that the butterfly solves the equation of motion of 
string field theory in the Siegel gauge. This is due to the fact that the butterfly state is 
the vacuum state of the two halves of the string and without re = 0, string field theory 
essentially becomes a free theory for the two halves of the string. Ignoring re = in the 
Lagrangian allows for an arbitrary value for x K= o, giving string configurations in which the 
string splits in the middle. 

2.2 Half-string representation 

The half-string representation was suggested already in [1] as a convenient representation 
for string field theory. We split the string into left and right degrees of freedom 



where f(a) = r(7r — a), so that both 1(a) and r(a) are defined between and tt/2 and vanish 
between tt/2 and ir. The mid-point degree of freedom x m = X(ir/2) appears, because we 
chose Dirichlet boundary condition for 1(a), r(a) at the mid-point. 
The integration and star product can now be written as 



In this representation the string field can be treated as a matrix over the space of half- 
strings, up to mid-point issues. 

In [26] string field theory was formulated by expanding the half-string in modes 



X(a) = l(a)+f(a)+x, 



(2.24) 




(2.25) 



(2.26) 



oc 




(2.27) 



n=l 



oc 




(2.28) 



n=l 
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We relate creation and annihilation operators to these modes as in the case of the full-string 
modes (2.4). Note that the vacuum state which is annihilated by all the half-string 

annihilation operators a/, is not the same as the vacuum state annihilated by the 
full-string oscillators a n . 

The three-vertex has a simple functional form in this basis, 

V 3 h (l^ 2 ' 3 , ri 2 ' 3 , xk 2 > 3 ) = 5{xl - x 2 m )S(x 2 m - x 3 J ]J 5(r l n - l 2 n )5(r 2 n - l 3 n )S(r 3 n - £) , (2.29) 

n 

and we can use the state formalism (2.10) to calculate the three- vertex state 

^ n 

(j 3 oo \ 
"2 E E (4)n(^)nm(4)m 1^ 
s,t=l n,m=l / 

where a/j n = (ai n ,a rn ), and V3 1 is composed of the matrices 



)l23 ' 

(2.30) 








(v 3 h )lL = {v, h )f m = {v, h )f m = V ' (2 - 31) 



0' 

$n.m. . 



Notice that the vertex in (2.29) multiplies states of the form VP[Z,r] = (l,r\fy). Therefore, 
to calculate | V 3 ), we used the BPZ conjugate of the vertex 

b P z (^eV^' 3 ,*^ 3 )) = V 3 h (rl' 2 'M^,xk 2 ' 3 ) • (2.32) 
3. Continuous half-string representation 

In this section we derive the form of the vertex in the continuous half-string representation. 
We start with the p = matter sector. We then add the zero mode, which is replaced by 
the mid-point degree of freedom. Finally, we discuss the ghost sector, which enables us to 
calculate the normalization of the vertices. 

3.1 Zero momentum 

In [26] the half-string representation was described using discrete half-string oscillator. We 
suggest using a continuous set of oscillators. We use the fact that the form of the three- 
vertex for the half-string should always be as in eq. (2.29). Eq. (2. 30), (2. 31) then imply 
that the half-string vacuum state always obeys 

\n h * n h ) 3 = !<n h | 2 (n h \ \v 3 h ) 123 = eM-\4v 33 4) \n h ) 3 = \n h ) 3 , (3.1) 
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meaning that this vacuum state is a projector. Here, we assumed that the vacuum state 
is BPZ real, meaning = We can now find half-string representations using 

the fact that every squeezed state projector describes a Bogoliubov transformation into 
a half-string basis (see appendix A for details on the Bogoliubov transformation). For a 
given squeezed state matrix S, we can find W that satisfies W*W = (1 - SS*)' 1 . If 5 
describes a projector, then the set of operators 

a n = W nm a m + Unm^m i «n = ^nm a ln + ^nm a m > (3-2) 

where U = WS, describe oscillators of the half-string for which the squeezed state is the 
new vacuum. Remember that S defines W only up to a unitary transformation. Therefore, 
this half-string basis could contain a mixture of left and right modes, meaning that we still 
do not have the left-right factorization. 

The representation of any squeezed state in the half-string basis can be obtained using 
the expressions in A. 2, where we think of the squeezed state as defining another Bogoliubov 
transformation. The three-vertex is a (singular) squeezed state in a tripled tensor space of 
oscillators. Therefore, the three-vertex in the new half-string basis is 

(vA v& v 2 \\ 

V 3 h = V* V* V* = iw\ - VsUl)-\VsW% - U?) , (3.3) 

where W 3 = 1 3 <g> W and U 3 = 1 3 <g> U. 

For states in 7i K 2 [37], we can calculate V3 1 explicitly. A general state in TL K 2 is a 
squeezed state of the form exp^—^atScJ) where is defined in (2.20). If the state is 
BPZ real, then S can be represented by the matrix 



si + is 3 S2 
s 2 s 1 -is 3i 



sil + S2G1 + is 3 a 3 , (3.4) 



where Oi are the Pauli matrices and Sj are real. 

W is defined through (A. 4) up to a unitary transformation. We choose to work with a 
Hermitian W. There are still four such choices related to the choice of the sign of the two 
eigenvalues. We choose W with positive eigenvalues, as in (A. 6). To calculate W we write 



where 



1 — SS* = A(l cosh q + a sinh a) = A exp(acr) , (3.5) 



a = / ■> . -> ( a = l ) ' 



a = tanh 



V s i + 4 (3.6) 

_! / -2s 2 y/s'{ + sj \ 



Si So 



and we get 



W 



(1 - SS*)- 1/2 = A' 1 ' 2 (l cosh(|) - a sinh(|)) . (3.7) 
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Taking a state S, which is a projector, we get for the transformed three-vertex 

va = (°°V vs = -M, v£ = -\::\. (3.8) 








From the form of V3 1 , we deduce that our choice of Hermitian W gives the correct half-string 
factorization, 

/j\ („ \ (J \ 

(3.9) 

Moreover, the condition on S that the three- vertex will be of the form (3.8), is exactly 
the condition found in [37] for S to be a projector. We do not get the identity solution 
S = C this way, because it is of infinite rank, while only rank one projectors have left-right 
factorization. 

The sign of the V3 1 matrices is opposite to that of the usual half-string vertex (2.31). 
This sign can be reversed by taking W with one positive and one negative eigenvalue, but 
we chose to work with the positively defined W. In this convention we get that the twist 
matrix transforms to itself for any real S, 

C h = (W - CU)- l {CW - U) = C = - ( U 1 ) . (3.10) 




We can get the three- vertex in the functional form using the expression for eigenstates 
of the coordinate x K (2.10), where our coordinates are l K ,r K . The three-vertex becomes 

^1,2,3.^2,3) = m + q)6(r« + ll)5(r« + /?) , (3.11) 

where a product over all continuous values of k > is assumed. The signs in this three- 
vertex functional are not the standard signs used as a result of the different sign in the 
three- vertex state. We will see that, nonetheless, they give the correct gluing of the strings. 

Our results are true for all projectors, but for the sake of simplicity, we focus on the 
sliver and the butterfly 

s s = e _ if I : ; 1 , w s = ■= = r : 1 , u s = 





S b = ~ TTT^FT L J> W b= „ ■ ; tK .^-, \ -m <™ \ , U\ 



2cosh(^f ) \1 IT 2sinh(^f) \e~ e ~ /' " 2sinh( 



' K7T > 




(3.12) 



3.2 The shape of the half-string modes 

We can use the relation between the Bogoliubov transformation and coordinate transfor- 
mation (A. 26) to get the shape of the half-string modes 

^)=(^ > )=(W + U)(''-f>), (3.13) 



w-iwj-^-^W)- (3 ' 14) 
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The tilde over u^(cr) marks that this result does not include the zero mode, which will 
be treated in the next section. A direct analysis shows that u l K (a), which is related to 
the left half-string shape in position space, is constant for a > tt/2, as can be seen in 
figure 2. The fact that this constant is not zero is consistent, since we should have added 
a zero-mode that cancels this constant, and indeed in the next section this constant will 
have an important role. The functions uf{a) are related to the left half-string momentum 
modes, and vanish for a > tt/2. Here, the constant vanishes since we are working in the 
zero momentum sector. 




Figure 2: The shape of the string base functions. u l K (a) , u r K (a) are plotted for k = 2. They are 
related to each other by a twist around tt/2 and a change of sign. The change of sign explains the 
signs in the S- functions of (3.11). 



3.3 The zero-mode 

In all the calculations so far, the zero-mode was ignored by setting p = 0. In this section 
we reinstate it in the half-string formalism. The method of calculating the three-vertex 
is the same. We treat it as a Bogoliubov transformation. The difference is that now, in 
addition to the term quadratic in creation operators, we have a linear term which depends 
on the zero-mode momenta. We treat the momenta as parameters of a shifted Bogoliubov 
transformation. The calculation results in a diverging coefficient for the p^ term. 

We can avoid this divergence by a change of variables from the zero-mode to the 
mid-point. The mid-point degree of freedom is defined as 



_ X{*/2) _ 

%m — / 7 — Xq 

V2c/ 



+ ^2 JnXn = x o+ dnJ K x K (3.15) 

n=l ^ 

Jin = V2(-l) n J 2n+1 = (3.16) 

where J K should be regarded as a distribution. We transform J K to the half-string basis 
using (3.13) 

4=( J j)=( W + U )( J j\ ( 3 - 18 ) 
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In the case of the butterfly basis we get that J% = J K . is exactly the constant value of 

<(vr/2 < a < tt) = J l K u r K (0 <a< vr/2) = J' K . (3.19) 

The expansion of the string configuration with the zero-mode and then with the mid- 
point is 

^ffi = *o + JdK (l K u l K (a) + rXW) =x m + J dn (l K u l K (a) + r^») , (3.20) 

where u^(a) = u^(a) — J%. We find the related Bogoliubov transformation from the 
transformation of the coordinates 

I 1 Jj \ ( Xq \ _ ^ ( X 




W - U / \x K 



M Z . (3.21) 



We use a vector notation where the first entry represents a single degree of freedom (the 
mid-point or the zero mode) and the second entry represents a continuous infinite set of 
degrees of freedom (left and right of the half-string or ±/c of the full-string). M is an 
infinite matrix, but it can be easily inverted since we have (W — U)~ l = W + U and 
Jh = (W + {J)J K to give 

ikT 1 = ( 1 ~ J « ) . (3.22) 
\0 W + U) 

The transpose of this matrix transforms the momenta and specifically, for the mid-point 
momenta, we get p m = po- The transformation of the creation operators is then 

a{ = Wal + Ua K -^=4p . (3.23) 

We can now use the results of A. 2 to transform the three- vertex (2.18). Setting V = V3, 
ji = PqVq we find the three-vertex of the continuous half-string including the mid-point, 



v 3 h (p m )) = 5(p 1 m +p 2 m +p 3 m y 



123 ' 

(3.24) 



where = (a^, a|, a|), P m = (Pm,Pm>Pm)- A direct calculation shows that after applying 
the 5-function over the momenta, we get /t = as expected. In the derivation of (3.24) we 
have replaced 

(1 - V 3 )(l - Vi)- 1 = (1 + V 3 y l . (3.25) 

This is supposedly forbidden since V3 has the eigenvalue 1 in its spectrum. The result may 
also seem meaningless because the other eigenvalue of V3 is —1. However, jjl turns out to 
be an eigenvector of V3 with the eigenvalue 1. (Notice that \x is Po dependent, but it is an 
eigenvector of V3 for all values of Pq.) We are left with the term ^p, 7 fi, which can be easily 
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calculated in the k basis, and after applying the 5 function over the momenta, this term 
exactly cancels Voo so that we are left with the expected three-vertex 

V 3 h (P m )) =6(p 1 m +pl + p 3 Je^(-^Alv 3 h A^j \n h ) 123 . (3.26) 

3.4 The ghost sector 

The ghost sector of string field theory is more complicated than the matter sector, due to 
the mid-point insertion required in the star product and integration. The origin of this 
insertion is the singularity in the worldsheet metric. It is easiest to write the star-product 
in the bosonized ghost sector as was done originally in [1]. It is most naturally defined in 
the half-string formulation, where the mid-point is one of the basic degrees of freedom. 

The mode expansion of the bosonized ghost (p(cr) is the same as the matter coordinates 
with the exception that the zero-mode momentum is discretized to half-integer values. This 
momentum gives the ghost number of the state by Nq = po+3/2, where po is anti-Hermitian 
and it satisfies the following relations with its eigenstate 

Po bo) = Po \po) , {po\po = -Po (po\ , 

(po\p'o) = 5 P0+ p> , Yl = 1 ' (\ po ^ = • ! ' S ' 

po 

The star product and the integration in the ghost sector with the insertion at the 
mid-point 4> m = 4>(ir/2) can be written as 



(tti * * 2 )(r , r K , <p m ) = eT*™ J Dy^ 1 (l K , y K , cf> m )^ 2 {-y K , r K , <f> m ) , 
= / Dy K d^ m e-^^{y K ,-y K A m ). 



(3.28) 



To see that the integral vanishes unless ^ has ghost number 3, we write a state with 
momentum po as (</>o| ^>Po) = exp(ipo^o) |^)- The relation between <pQ and (fr m is as 
in (3.15), implying that the integral vanishes unless po = 3/2, i.e. No = 3. For the same 
reason the zero mode momentum obeys po 3 = Poi +P02 + 3/2 under the star product and 
therefore the ghost number is additive. This leads to the known facts that solutions of the 
projection equation must have ghost number zero, and solutions of string field theory must 
have ghost number one. 

The vertices states in the continuous half-string basis are of the form 

/ 1 \ N 

\V N ) = 1N exp ( --atfV^atf £ _ |(JV _ 2) ]J \^h,P s J ■ (3-29) 

V / P?n S = l 

The mid-point momenta p s m are the relevant degrees of freedom for the half-string, but 
they are equal to the zero-mode momenta p m = pq. The normalization factors 77V can be 
calculated using the fact that the overlap of two surface states should be 1 [7]. We use the 
vacuum state, which in the continuous half-string basis is 

\n,Po) =N n e^e^ Sa i\n h , Pm ) , 

HH = ~{1 - S)J h K p m , N n = det(l - ^j^g-^d-S)" 1 /* , (3 - 30) 
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where we used the transformation (3.23). The vacuum state has a ghost number zero, 

3 

2- 



meaning po = — §, but to calculate overlaps we also need the shifted vacuum state with 



Po = | . The overlap of the vacuum with the identity (the one- vertex) is 

<n,||x> = - /1 N n det(i + csy^ 1 e-^l( 1 - cs r 1 c^_ (3 . 31) 



There are two sources of divergence in this expression, the determinants and the exponents. 
For the determinants, we use the relation detM = exp(trlogM). If the matrix M is 
diagonal in the k basis with eigenvalues m K , we have trlogM = J dn p(n) log m K , where 
the spectral density p{n) diverges. In level truncation it diverges as ^r 1 . In [38, 49] it was 
calculated with its finite contributions 

1 L/2 1 

/7r n=i n (3.32) 
, , y L r \ 41og(2)-2 7 

Pfin(«) = hm p &n {K) = . 

L-^oo 47T 

The divergence in the exponents comes from the scalar product in the k basis, which results 
in integrals of 4y. This divergence can also be regulated in level truncation by noticing 
that 

L/2 1 L T T 

hm y - = hm > —=b nm 

n=l n,m=l v (3 33) 



/OO ^ T „,K ^ T „,K /"OO /"OO 

-00 „ttv^^^ y-00 7o 



kW(k) ' 



Therefore, the two types of divergences can be compared. 

We now have everything we need to calculate 71 from the requirement that the over- 
lap (3.31) equals 1 

71 = e-^XiE *+*>ef£ * , d ± = \ J°° dnp^) log (coth 2 ^) = l0g(2 ^ = 7 , 

° (3.34) 
where the first exponent comes from the determinant and the second is the exponent from 
the ghost sector. The integral of d\ was calculated using integration by parts and the 
integral representation of logT. We can calculate the normalizations of all the vertices 
using the relations 

\V N ) = (J| V N+1 ) =y- 7jv = 717JV+1 => 7N = l\~ N ■ (3.35) 

Next, we do a couple of calculations, to check the validity of our results. Repeating 
the calculation for the reflector (the two-vertex) gives 

i<n,§| 2 <n,-§|rc) 12 = l2 N^det(i + v 2 h s 2 )-^e-^- s ^ h r 1 v 2 ^ h = h (336) 
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where S2 = I2 <8> S,[i2h = (/^L Here we get 72 = 1, independently of the number of 
dimensions D, in accord with (3.35). This result is analogous to the calculation of the 
overlap of the vacuum state with itself 

\n, Po ) = (n, Po \n) => (n,§|n,-§) = <n, || <n,— §|7e> = 1. (3.37) 

Next, we calculate explicitly the normalization of the three- vertex 

|| 2 <n, -1| 3 <n, -1| v 3 ) 123 = 13 n^ det(i + vi>s 3 )-^e-^-^ h r^ 3h = ! 



73 = e CHi)(AE *+*> e i E > e3 = 3 lQg 27 ^ 
d 3 = ~\J d«Pfin(«)log ^4csch(^) 4 sinh(^) 6 ^ 



= (^25 log 2 - 11 log 3 - 3 log 7T - 5 7 + 24 log T(^) + 96C'(-1)^ ~ 0.09296 . 

(3.38) 

Comparing the diverging terms, we get that the relation 73 = 7f 1 holds only for the critical 
dimension D = 26. Unfortunately, the finite parts do not match. Such a discrepancy also 
appeared in the calculation of the overlap of the two wedge states (3| 3) in [50]. This means 
that the level truncation regularization we are using does not preserve the Virasoro algebra. 
This anomaly can come from the n = state which we ignored or from the calculation 
of the determinants. It can also come from using the bosonized ghost. Truncating the 
fermionic ghost c =: e 1 ^ : to level L is not the same as truncating the bosonized ghost <j) to 
the same level, which can be seen from their relation (c)l = {■ e 1 ^ :)l e l ^ L :. 

We conclude this section by calculating the full-string three-vertex in the bosonized 
ghost sector from its definition in the half-string basis (3.29). For this we need to use the 
transformation 

ai = Wa[-Ua h + ^=J K p m . (3.39) 
Using again the results of A. 2 we get 



123 • 



\V 3 (P )) = 73det( 1 % ) 6 3 exp(~AW 3 A^ + p qVqA \ _ lp V Q0 P ) 

(3.40) 

The vertex is different from the three- vertex of the matter sector, requiring the following 
redefinition of the three- vertex matrices 

Vf^Vf, 

V st ^V st + ^J K , (3.41) 
3 n 6 16 

The vertex of the matter sector (2.18) is recovered if we set the momenta conservation 
relation p$ + p$ + pjj = 0. The determinant factor cannot be calculate directly, since it is 
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zero divided by zero. We calculate it using the relation between V3 and V 3 

V 3 = (W 3 + VfUsrHvfWs + U 3 ) =► det (^f^) = det (^^2) ■ ( 3 - 42 ) 
As a check of the transformation, we repeat the calculation (3.38) in the full-string basis 
!<», 1| 2 (n, -1| 3 <n, -1| F 3 ) 123 = 73 det ( - ^ )2 ^ 4 e -iPoVooPo = 1 . (3.43) 

This demonstrates that the anomaly we got is not related to the transformation. It is 
related either to the k basis or to the bosonized ghost or to both. 



4. Applications 

Now that we have the continuous half-string formalism, we can use it in various calcula- 
tions. The multiplication of two 7i K 2 states becomes very simple in this representation. 
Parameterizing two states Si by 

s - - (:: i) • 

where Oj, b{, q are functions of k > 0, we get for S h = S± *S% , 

ch 1 [ - 02C1) + a 2 6f -6i6 2 \ 



1 — a 2 ci I -61^2 c 2 (l - a 2 ci) + ci&2 



(4.2) 



This expression is equivalent to a gaussian integration in the functional language (up to 
normalization) 



l K ,r R 
where 



/ dy K e V y / e V 



(4.3) 



1 <? ft 



4.1 Doubling of the wedge subalgebra 

The wedge states \n) are squeezed states, given by the matrix [28] 

S n = CT n , (4.5) 

where 

The case n = 1 gives the identity state |X), n = 2 gives the vacuum state and n — ► 00 
is the sliver \S). 
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Using (A. 24), we get the expression for the wedge matrices S n in the sliver basis 

= -e-^-D h). (4.7) 



1 



The case n — > oo gives 



*4.= ^j, («) 

which is the sliver matrix in the sliver basis. The case n = 2 gives 

St = -Soo , (4.9) 

meaning that the matrix defining the vacuum state in the sliver basis is minus the sliver 
matrix in the regular basis, as expected (A. 11). 

Using the expression for the star product of two H K 2 states in the sliver basis (4.2), 
we verify the known algebra 

|n) * \m) = \n + m — 1) . (4.10) 

By inspecting eq. (4. 2), (4. 7), we recognize that this algebra can be doubled by defining 
= and S~ = — £jj. The corresponding states |n, ±) form a subalgebra of the star 
product with the product given by 

|n, r) * |m, s) = |n + m — 1, rs) , (4-11) 

where r,s = ±1. This subalgebra is a direct product of Z.2 with the wedge subalgebra, up 
to the identification of the sliver |oo, +) = |oo, — ). 

4.2 The gauge transformation of the sliver to other butterflies 

The spectroscopy of the general butterflies performed in [37] supported the natural assump- 
tion that in vacuum string field theory all these states are related by gauge transformations. 
It is possible to define states with different matter and ghost content. In vacuum string 
field theory it is common to assume a universal ghost part. Moreover, it was shown in [37] 
that states with the same ghost factor, whose matter factor consists of different matter 
butterflies, are orthogonal. In this subsection we explicitly present the gauge transforma- 
tions among such states, using the gauge factorization ansatz of [51]. Therefore, we treat 
only the matter sector. It should be possible to perform similar gauge transformation in 
the ghost sector due to the enlarged gauge freedom of vacuum string field theory [23] . 

The generalized butterflies can be described by the parameter < a < oo, which is 
related to a of [41] by a = 2=2. According to the butterfly spectroscopy, they are in H K 2 
and their defining matrices were found to be 

= 1 ( sinh(^f) sinh(f a)\ 

a sinh(if (1 + a)) Isinh(ifa) sinh(^f) ) ' 1 ' ' 
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where a = is the nothing state, a = 1 is the canonical butterfly, and the limit a — ► oo is 
the sliver. Using these results and eq. (A. 24), we find that in the sliver basis they transform 
to 

S h a = fj . (4.13) 

The left-right factorization of the projectors is evident from the structure of the matrix. 
The off diagonal entries, which mix left and right modes, vanish. If we take a general 
two-dimensional matrix, the condition that its off-diagonal entries vanish in the sliver basis 
is (once again) the projection condition of [37]. 

An infinitesimal gauge transformation is given by 

(5$ = $*A-A*<I>. (4.14) 

Exponentiating this transformation, we get 

<E> — > U~ l * Q-kU , (4.15) 

where 

U = exp + (A) = J + A+ ^A*A + .... (4.16) 

Here, 1 is the star-algebra identity element and U~ l is the inverse with respect to the star 
product of U, i.e. 

U+U- 1 =U- 1 *U = 1. (4.17) 

For simplicity, we limit the search to squeezed states in TC K 2 whose defining matrix is 
real. Given a squeezed state IA in 7i K 2, defined by the matrix U h , we find using (4.2) that 
U~ l is also a squeezed state given by CU h C. It can be inferred from [32] that this result 
is not limited to 7i K 2 . We shall not restrict ourselves to BPZ-real states, since U is not a 
physical state, but a gauge transformation. 

For a real matrix to define a normalizable squeezed state all its eigenvalues A should 
be less than unity in absolute value. As we allow for singular squeezed states, such as the 
identity, we relax the condition to |A| < 1. Define Ai 5 2 to be the eigenvalues of U h . The 
eigenvalues of U h are ^— . The conditions 

|Ai, 2 | < 1, |-!- 1 < 1, (4.18) 

Al,2 

imply 

|Ai, 2 | = l. (4.19) 

As we assumed that U h is real and, being a quadratic form, it is necessarily symmetric, it 
follows that both eigenvalues are real, and thus 

Ai, 2 = ±1 • (4.20) 

We would like to find a one-parameter family U a which relates the sliver to any other 
generalized butterfly. Continuity with respect to a, and Uqo = C, imply that one eigenvalue 
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equals +1, and the other equals —1. To summarize, U h is real, symmetric, traceless and 
det(U h ) = -1. 

A natural parameterization is 

\—cos{6) — sm{9) I 

where 6 = is the identity state. With this parameterization the multiplication rule (4.2) 
translates into 

U{t) = « W ) , S m(« = ff^J^fi , (4.22) 

1 + sm{9) sm(<p) 

so indeed we get a one parameter group. This multiplication rule is singular around 
sin(0) sin(0) = —1. Although sin(#) sin(0) / — 1 implies I i+"in(g)Tinfi) I — ^ anc ^ so * ne 
multiplication rule is well defined in a neighborhood of the singular points, the singularity 
is real, as the limit of the expression at the singular points is direction dependent. The 
multiplication W(f)*W(— § ) can be regularized in different ways so as to produce any U{9) 
as a result. In string field theory we got used to anomalies of the star product at n = 0. 
However, here the anomaly can appear at any k. 

The group of gauge transformations (4.21) with — ^<9<^-,8^^isa, direct product 
of Z2 with the subgroup parameterized by — | < 9 < |. The elements of the Z2 are the 
identity J = U(0) and the identity dual J = U(tt). The two topologically disconnected 
sections of the gauge group are related by U(tt — 6) = J *U(0). J behaves as a root of the 
identity J ★ J = I, and it transforms all squeezed states to themselves 

S = J-^-kS-kJ, (4.23) 

or in other words, it star-commutes with all squeezed states. This can be seen most easily 
in the continuous half-string functional form 

(i «, r «|J>=^-0-{* r ' r1 * J = * r '- r1 • (424) 

{ji,^[l K ,r K } = ^[-l K ,r K ] 

Therefore, J star-commutes with all states in which l K ,r K appear in even powers, and 
particularly with all squeezed states, meaning that these states are not charged under the 
Z 2 . 

The subgroup parameterized by — ^ < 9 < ^, can be parametrized as 

/tanh(t) -sech(tA 
v 1 \- sech(t) - tanh(t) y K 1 

where — 00 < t < 00. Now the star-multiplication rule simplifies to a linear relation 

U(t 1 )*U(t 2 )=U(t 1 + t 2 ), (4.26) 

and the anomaly is hidden at t = ±00. In this parameterization all gauge transformations 
are generated by infinitesimal gauge transformations A. 



- 19 - 



We can calculate A (4.14) as was done in [51]. Temporarily restoring the k dependence, 
we have 



wj> -«p( -if <*-) te, :S) (£ ) ) '^ (4 - 27 > 



from which we get 



|A[i K ]> = A | W[at( j) 



(4.28) 



1 f 00 

= -- / ^t K (aj- K a; K -4«4«)|T). 

s=0 ^ JO 

For finding a gauge transformation U a from the sliver to a generalized butterfly (4.13), 
we write 

U; 1 *S% *U a =SZ, (4.29) 
and use the expression (4.25) to get 



tanh ( i) = -e-^, tf = [_J^- a ^ j- (4-30) 

We see that the gauge transformation approaches the singular limit in all cases when k — ► 0. 
All the butterflies share the eigenvalue 1 for k = 0, and thus should have a trivial gauge 
transformation for this value. The discontinuity of the transformation near k = is related 
to the discontinuity of the transformation to the sliver basis. For the nothing state a = 0, 
the transformation is singular for all k, due to the singular eigenvalues of the nothing. Thus, 
the nothing should not be thought of as equivalent to the other states. The singularity of 
the nothing can also be seen if we try to find a Bogoliubov transformation to the nothing 
basis. This transformation is singular and has to be regularized, and the final result of the 
transformation is regularization dependent. 

Composing two gauge transformations, we can define the transformation U a b between 
two butterflies 

U- b l *S^U ab = S h a , (4.31) 

using 

sinh(if (a- &)) 



tanh(t) 



sinh(^f(a + 6)) 



1 / sinh(<f(a-6)) -y/sinh(fa) sinh(f 6) 

ab ~ sinh(^f(a + 6)) 1 - ^sinh^a) sinh(^6) - sinh(^f(a - b)) 



(4.32) 



It is instructive to imply the gauge transformation IA\ to the wedge states. This 
transformation sends the sliver to the butterfly, and so should transform the wedge states to 
"butterfly wedge states" . These states form a subalgebra isomorphic to that of wedge states, 
and can be used as a regularization of the butterfly. Using U± and the expression (4.7) for 
the wedge states, we get that the butterfly wedge states in the sliver basis are defined by 
the matrix 

^bh_ 1 /Wh(f(n-1)) -sinh(^f) \ 

sinh(^f n) y -sinh(f) sinh(f (n - I)) J ' { ' ' 
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In particular we see that the identity state n = 1 is invariant, while the sliver n = oo 
transforms into the butterfly. This construction could have been especially useful if the 
butterfly wedge states were surface states. This could have been the case if Ui, W-f 1 were 
surface states. We can see that this is not the case. The vacuum state n = 2 transforms 
to which in the full-string k basis becomes 

* - («"* e 4) . ,4,4, 

Using the methods of section 3 of [37] we find that the candidate conformal transformation 
of this state is tan _1 (z), which describes the sliver. Thus, Y<\ is not a surface state. 

4.3 The tachyon 

We start by making the simplest calculation of the three-point function of the tachyon. 
This calculation is much simpler in the full-string basis, but it demonstrates that such 
calculations can also be made in the continuous half-string basis. 

The tachyon state with momentum p is simply the vacuum state with shifted momen- 
tum \T(p)) = \0,,p). To calculate the tachyon's three-point function, we need to choose a 
basis. The tachyon functional in the sliver half-string basis is 

T(l K ,r K ,p) = J dxrn^e-y^^ , Xo = Xm -J d KJ h K xl , 

'cosh(f) 1 ^ Th 




sinh(f ) V 1 cosh(^) ) ' K v^cosh(^f) 



The calculation involves gaussian integrations over an infinite matrix, but this matrix is 
diagonal. Tracing the factors of k, we get (up to normalization) the known result 

(T*T*T) = exp(- ^1 {p\ +pl+ pi) log HI) . (4.36) 

It would be most interesting to calculate the four-tachyon amplitude, and to reproduce the 
Veneziano amplitude. This calculation is much more complicated, because it involves the 
propagator, which is fairly complicated in the half-string basis. 

Next, we discuss the results of [21] that found the tachyon solution around the D-brane 
of VSFT. Their calculation gave the correct tachyon mass [52, 47], but resulted in a wrong 
value for the D-brane tension. Later, the tachyon solution was calculated in a regularized 
way in [53] giving the correct tension. 

Hata and Kawano considered the D-brane solution 

$ c *$ c + $ c = 0, (4.37) 

where — |<J? C ) = \S) is the sliver. They looked for a solution of the linearized equation of 
motion around |<3? c ) 

$ t + $ t *$ c + $ c *$ t = 0, (4.38) 
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where $t represents the tachyon around the D-brane. They implicitly assumed that #t 
star-commutes with <E> C . Thus, eq. (4.38) reduces to 

$ c *$ t = $ t ** c = -i$ t . (4.39) 

Formally there is no non-trivial solution to this equation. Multiplying this equation by <£ c 
from the left (right), and using (4.37) gives 

$ c * $ t = , $ t * $ c = , (4.40) 

and thus 

$ t = 0. (4.41) 

However, the HK state 

|$ t ) = g-^alpo+jpo^o j ( 4>42 ) 

inherits the singular properties of the sliver. Both <I> C and $>t should be regularized. The 
tachyon state can satisfy its equations of motion in a weak sense, provided the regularization 
scheme does not respect the projection equation (4.37). Indeed, both the level-truncation 
regularization of [21, 45, 47] and the wedge state regularization of [52], satisfy the projection 
equation only at the limit. 

We now transform the tachyon state to the continuous half-string basis. This is done 
in the same manner we transformed the three-vertex. We use the transformation (3.23) 
and the results of A. 2 to write 

|<j)^ _ e t K aipo e ip xo |<£^ _ _ e \tl(l+S)- 1 t K pl l -\t^ T (l+S)- 1 t h K pl le t^a h Jp me ip m x m |^ ^ (4.43) 

where t is given in the k basis by 



t K = 3(1 + CS)(1 + aCV 11 )-^ 1 = ^¥ ( ) • (4.44) 

1 + e 2 \ l J 

Notice that t K is an odd function of k as required by twist invariance, but it has a dis- 
continuity at k = 0. The linear term of the tachyon state in the half-string basis (4.43) 
vanishes 

t h K = 0, (4.45) 

and this gives another expression for t K , 

t K = -^W- l J h K = -±=(1 + S)J K . (4.46) 

The normalization factor of $>t does not affect its equation of motion, since (4.38) is linear 
in $f It is still worth noting that the p^ n coefficient \t T (\ + S)~ 1 t diverges. Up to 
the normalization factor, the tachyon state is given by the new vacuum with a mid-point 
momentum insertion 

|$ t ) = e iPmXm \n h ) , (4.47) 
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as can be inferred from the geometric construction of [52]. This state cannot satisfy (4.39), 
in accord with the discussion above. Therefore, a regularization of this calculation in the 
continuous half-string basis is needed. 

We regularize the tachyon and sliver states using the wedge states \n). In the half- 
string basis we define the wedge states in the matter sector so as to satisfy (4.10) and the 
three- vertex as a squeezed state with no other normalization as in (3.26). In this convention 
the overlap of two wedge states is 



N n , m = i <n| m) = det(l - S£si)-^ = exp 



V x 1 ' v n m ' * \ 6(n + m - 2) 



^1 \ 
2 j y + finite term I , 

l=i J 



(4.48) 



where we evaluate the determinant as in subsection 3.4. The finite term comes from p& n 
and vanishes in the regularization limit. The volume factor V = 5(0), comes from the two- 
vertex delta function 5(p\ + P2)- The regularized tachyon state is taken to be the wedge 
state with a mid-point momentum insertion 

\T n ( Pm )) = \n,p m ) ■ (4.49) 

Following [52] we check the normalization of the HK state by taking the overlap 
of (4.38) with the p vacuum state (3.30). The first term of (4.38) gives 

(n, Po \T n (p m )) = NnN^e-^+^-^Wsfo +Pm) , ( 4 .50) 

where we used the fact that the vacuum state is proportional to the wedge state |2). The 
second and third terms of (4.38) give the same state 2 

\T n ( Pm )) * \n) = \n) * \T n { Pm )) = \T 2n ^{p m )) . (4.51) 

The ratio of the two overlaps is 

(fl,P0|r 2ra -i(p m )) = ^2,2n-l -j^fi+Eit iS)-^L ,n h Vfl+SSS)- 1 ^* u 52 ) 

{tt,p \T n (p m )) N 2<n • v • ; 

The expression in the exponent reads 

dKV Y. ( COth ^) - coth( (2n " 1)CT )) = -f (log(2) + 0(n^)) , (4.53) 

where we removed the singularity, which can be done consistently due to the principal 
value, and the scheme we use is not important because it only gives 0(n _1 ) contributions. 
In the limit n->oowe get 



<n,Po| $c *<£*> =e-- lo ^(n,p \^ t ) , (4.54) 

reproducing the tachyon's equation of motion (4.39) for p\ = 2, which is the mass of the 
tachyon in our convention, 2a' = 1. 

2 Noticc that this state is twist invariant even for finite n, which demonstrates that the regularization we 
are using is different from that of [52] who got twist invariant states only in the limit n — » oo. 
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5. Conclusions 



In this paper, we demonstrated how the transformation to the half-string basis works in 
the continuous basis. The star-product in this formalism is as simple as it gets. This allows 
us to show that all the butterfly projectors, which are all supposed to describe the same D- 
brane, are indeed related by a gauge transformation. In the half-string formalism we were 
able to find a parameterization of the gauge transformation (4.25), which is linear under 
the star-multiplication (4.26), and to write explicitly the gauge transformation between the 
butterflies. 

To compute string scattering amplitudes, we still need to refer to the full string basis, in 
which the physical degrees of freedom are defined. This was demonstrated in the calculation 
of the three tachyon amplitude. It would be interesting to attempt to calculate the four 
tachyon amplitude in this formalism. 

Using the known form of the vertex in the half-string basis, we were able to reconstruct 
the zero-mode dependence of the vertex in the full-string basis, and the ghost sector. We 
used our knowledge on the overlap of surface states to calculate the normalization of the 
vertices in the continuous half string basis. These normalizations are infinite. Yet, we 
can work out the relations between these infinities in the level truncation regularization 
and get the correct relations at the critical dimension D = 26. The finite terms in the 
normalizations do not give the right relations. This means that the way we employ the 
level truncation does not preserve the Virasoro algebra. This could be inherent to the 
continuous basis or related to the use of the bosonic ghost sector. 

It would be interesting to check the continuous basis by repeating the calculations of 
these normalizations numerically in the discrete basis and compare the results. If one can 
demonstrate that they differ, it would be even more interesting to find a way to regularize 
the continuous basis, perhaps by handling the k = eigenstate more carefully. 

Our results can be generalized to the fermionic ghost. To transform the fermionic 
ghost to the continuous half-string basis, we need to repeat the analysis of the Bogoliubov 
transformation that we presented in the appendix for anti-commuting operators. This will 
also allow for generalizing our results to the superstring vertices. 

We hope that the progress we made will help in the search for an analytic solution 
of string field theory, as well as the search for analytic expressions for scattering ampli- 
tudes [54, 55, 56]. 
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A. Bogoliubov transformation 



In the appendix we set our conventions and collect some facts about Bogoliubov transfor- 
mations and squeezed states. 

A.l Transformation of operators 

A Bogoliubov transformation is a linear canonical transformation which mixes creation and 
annihilation operators. It is given by 

b n = W nm a m + Unmdln , b^ n = W nm a\ n + U nm a m , (A.l) 

where a, a) are the original annihilation and creation operators, and b, are the new ones. 
For this transformation to be canonical, one has to impose 

[b n ,b m ] = [blbl]=0 (A.2) 
[b n ,bl] = S n , m . (A.3) 

These restrictions imply that the matrix W is invertible, the matrix S = W~ 1 U is sym- 
metric, and that 

(1 - SS*) = {W^W)- 1 . (A.4) 
The normalized vacuum state with respect to the b operators is given by 

|0) 6 = det(l - SS*) 1/4 e W (-^S-at) |0) a , (A.5) 

where by a^Sa^ we mean the quadratic form anS nm a\n. The new vacuum is a squeezed 
state. One can therefore think of the Bogoliubov transformation as a transformation to a 
basis where a given squeezed state plays the role of the vacuum. 

Both eq. (A. 4), (A. 5) make sense provided that the eigenvalues of SS* (which are 
necessarily real and positive) are less than 1. In practice, we will have to deal with the 
case where this inequality is saturated. This is the case for the three-vertex, for which all 
eigenvalues are ±1, as well as for projectors, which have eigenvalues ±1 for k = 0. 

Given S, eq. (A.4) determines W up to a unitary transformation that does not alter 
the vacuum, and under which W transforms as a vector. Therefore, we can choose W = Wq 
Hermitian using the Taylor expansion 



i 1 — * 3_ 2 



W = (1 - SS*)~2 = 1 + -SS* + -(SS*Y + ... . (A.6) 

2 8 



For a real S we have 



[W Q ,S]=0, (A.7) 



and Wq is real and symmetric. 

Bogoliubov transformations can be composed and inverted. The inverse of transfor- 
mation (A.l) is 

a = W^b - U T tf , (A.8) 
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and given two Bogoliubov transformations 

b = W 1 a + U 1 a i , c = W 2 b + U 2 tf, (A.9) 

we can write 

c = (W 2 Wi + U 2 Ul)a + {W 2 Ui + EWjV . (A.10) 

It is straightforward to see that this action is associative, and that the inverse is two sided. 
Thus, Bogoliubov transformations form a group with inverse given by 

(W, uy 1 = (W\ -U T ), (A.ll) 

multiplication rule 

(W 2 , U 2 ) ■ (Wi, t/i) = (WWi + U 2 U{, W 2 U X + XJ 2 W{) , (A.12) 

and identity element (1,0). 

Another useful transformation is to a basis where a given coherent state plays the role 
of the vacuum. 

|0>» = e-5"V Tot |0>. , (A.13) 
where \i is a given constant vector, and |0) 6 is normalized. It is straightforward to see that 

b = a-n, &t = a t_^* ( A-14 ) 

are the canonical operators for which |0) 6 is the vacuum. The inverse transformations is 

a = b + n, at = tf + fj,*, (A.15) 
|0) a = e-Wne-W |0) 6 . (A.16) 

The transformations (A.1),(A.14) can be combined to form a generalized Bogoliubov 
transformation whose vacuum is a shifted squeezed state 

b =W{a + So) - n) = Wa + Ua! - a , (A.17) 

|0>„ = det(l - 5l 5*)l/4 e ^(Mt(l-55*)-^^)-i M t (1 _55*)-V e ^at-I a t5at ^ (A lg) 

The composition rule now is 

(W 2 , U 2 ,a 2 ) ■ (Wi, U u ai) = (W 2 Wi + TO*, WWi + E^WT, W 2 <7i + ^2<r* + <r 2 ) , (A.19) 
the identity is (1, 0, 0), and the inverse is 

(W, U, a)' 1 = {W\ -U T , U T a* - W^a) . (A.20) 
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A. 2 Transformation of states 

After specifying the transformation of the creation and annihilation operators and that of 
the vacuum state, we want to use these results to calculate the transformation properties 
of (shifted) squeezed states. Suppose we are given a shifted squeezed state 

\V,n) = e » T ^-h aiv ^ |0) a , (A.21) 

and want to describe it in the basis of b = Wa + Ua> — a. We can think of this 
state as a ground state (up to the normalization) after the Bogoliubov transformation 
c = Wy(a + Va) — n), that is 

| V, M > = det(l - vv^-yte-M^ii-vv^v^+^ii-vv*)-^ ^ (A _ 22) 

To describe this state in the b basis, we have to compose the transformation from a to c 
on the inverse of the transformation from a to b, that is to write 

|0) c = det(l - v^ji/S^CAta-^J-^A-J-jAtd-^-r^t-i^t |0)fc (A _ 23) 
where, using (A. 19), (A. 20), we find that 

v ={w ] - vu ] y 1 {vw T - u T ) , 

ji ={W ] - Vrt)-\(ytf - W ] )a + (U T - VW T )a* +n). 

The expression for \V,fi) is given by combining eq. (A. 22), (A. 23), (A. 24). We see that it 
does not depend on the (somewhat arbitrary) choice of Wy. 

A. 3 Transformation of coordinates and momenta 

We can represent the effect of the Bogoliubov transformation on the canonical coordinates. 
Given the transformation (A. 17), we define 

Pa=~^{a + a ] ) p b = -^=(b + tf) 

Y y (A - 25) 

Xa=~^{a-(J) x b = —{b-tf). 

We could, in principle, allow for uj dependence here, but that can be thought of as a 
composition of yet another Bogoliubov transformation. On the canonical variables the 
transformation acts as a linear transformation. 

UJ = \Q<W - u) X(w + u) ) [ Pa ) + ^ [-*(*) ) ■ (A - 26) 

The non-homogeneous part of it is given by a. This is the most general real linear canonical 
transformation. 
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